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The scattering is dominated by the average structure of 
the adsorbed laser; there is no observable contribution 
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ABSTRACT Potentiometric titration data were obtained for two samples of rigid double-helical xanthan 
in aqueous sodium chloride a t  salt concentrations C,  of 0.01,0.02,0.05, and 0.1 M at 25 "C, and from their 
comparison with typical theories along with some theoretical considerations the following conclusions were 
derived. (1) The solution of the complete Poisson-Boltzmann equation for a uniformly charged cylinder fails 
to describe the titration data, unless an unreasonably large value is chosen for the radius of the xanthan double 
helix. (2) The well-known expression pH - log [a/(l - a)] - pKo = -2axj10g uj for a long rod with randomly 
distributed discrete charges agrees with the result from the linear king model a t  degrees of ionization a of 
' I z  and 1, where pKo is the logarithmic intrinsic dissociation constant and uj, the statistical weight for the 
electrostatic interaction of a given ionized group with its j t h  neighbor group. (3) This equation combined 
with the Debye-Huckel screened Coulomb potential, an approximation to the pair interaction potential, describes 
the xanthan data only at the two higher C, of 0.05 and 0.1 M. Its failure at the lower C,  is attributable to 
this approximation. Similar analysis of the published data for a-helical poly(g1utamic acid), another rodlike 
polyelectrolyte, led to essentially conclusions 1 and 3. 

Introduction 
The pH of a polyelectrolyte solution is usually expressed 

by 
ApK = pH - log ( a / l  - a) - pKo = 0.434e$/kT (1) 

where a is the degree of ionization of ionizable groups in 
the polymer, KO the intrinsic dissociation constant of a 
group (pKo = -log KO), e the protonic charge, $ the elec- 
trostatic potential  at a point of a charge on the polymer 
surface, 12 the Boltzmann constant, and T the absolute 
temperature. For uniformly charged long cylinders, nu- 
merical values4-' of $ were obtained from the complete 
Poisson-Boltzmann equation, while for discretely charged 
rods, various approximate expressions&15 for $ (or more 
generally ApK) were derived on different assumptions. 
These theories of $ or ApK may be checked if data of pH 
- log (a/ 1 - a) are obtained for polyelectrolytes having an 
intrinsically rigid backbone, i.e., those rigid even at  high 
salt concentrations. 

t Present Address: Department of Chemistry, Wuhan University, 
Wuchang, the People's Republic of China. 

The present paper reports such an experimental study 
made on =than, a bacterial polysaccharide with ionic side 
chains, in aqueous sodium chloride (NaC1) of salt con- 
centrations C, of 0.01, 0.02, 0.05, and 0.1 M. This poly- 
saccharide, whose repeating units are shown in Figure 1, 
should be eligible for use as the test sample, since its so- 
dium salt has recently been shown to dissolve in aqueous 
NaCl as a rigid double helix16-21 with a large persistence 
length of abou t  100 nm at infinite ionic strength.22 W e  
note that although comparisons between theory and ex- 
periment were already made by many w 0 r k e r ~ , 3 ~ , ~ ~ - ~ ~ ~ ~ ~ - ~ ~  
the conclusions drawn were not always definite since in- 
trinsically flexible polyelectrolytes were used except a- 
helical poly(g1utamic acid). 

Experimental Section 
Potentiometric Titration. The previously investigated 

xanthan samples,26 X12-2-3 and X14-2-3 with weight-average 
molecular weights of 3.31 X lo6 and 7.44 X lo6, respectively (both 
in the dimerized acid form), were used. Either sample was dis- 
solved in deionized water at about 5 "C, and the solution was 
passed through a mixed-bed ion exchanger (Amberlite IR-120 + 
IRA-4101, with the temperature of the solution kept at  about 5 
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Figure  1. Repeating unit of xanthan. About one-third of the 
terminal residues of the side chains is pyruvated in the samples 
used in the p r e v i o ~ s ' ~ - ' ~ ~ ~ ~  and present work. 
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Figure 2. Dependence of intrinsic viscosity on degree of neu- 
tralization for xanthan sample X12-2-3 in aqueous NaCl of C, = 
0.01 (01, 0.05 (e), and 0.1 M (0) a t  25 "C. 

OC. To the solution of acid form xanthan so prepared, aqueous 
NaCl was added to obtain a test solution of a desired C,. The 
sodium chloride used was recrystalized twice by the standard 
method. 

Each test solution (10 cm3) was titrated at  25 "C under a 
nitrogen atmosphere with 0.100 N sodium hydroxide (NaOH) 
containing NaCl of the same C, as that in the xanthan solution. 
The titrant was delivered by using a Gilmont digital microburet 
(Type S4100A) with a capacity of 0.25 cms and a vernier division 
of O.OOOO1 cm3. The concentration c9 of carboxylic acid groups 
was determined from that of NaOH in the solution at  the end 
point of the titration; the amount of the titrant required for 
complete neutralization was a t  most 0.4 cm3. For pH measure- 
ments, use was made of a Beckman @ 70 pH meter calibrated with 
standard buffer solutions of pH 4.01 and 6.86. 

The concentration [H'] of free hydrogen ions at a given C, and 
pH was evaluated from the calibration curve of [H+] vs. pH 
determined by titrating similarly aqueous hydrochloric acid (HCI) 
(10 cm3) containing NaCl of the same C,.27 From the [H+] so 
estimated and the degree of neutralization a', a was calculated 
according to the relation 

(2) 

with the small contribution from [OH-] (the concentration of free 
hydroxyl ions) neglected; a', [H'], and cp were all corrected for 
changes (54%) in the volumes of the xanthan atid HC1 solutions 
accompanying addition of the titrant. 

it was found that the 
intrinsic viscosities [a] of Na salt samples X12-2-3 and X14-2-3 
in aqueous NaCl of C, = 0.01-0.5 M decreased by about 20% when 
solvent pH was lowered from about 6 to 2 by addition of HC1. 
Analysis of [v] and radius of gyration data showed these decreases 
in [a] to be due not to breaking of the double-helical structure 
of xanthan but to a decrease in the rigidity (expressed in terms 
of the persistence length) of the helix accompanying the uptake 
of hydrogen ions by xanthan. Thus, viscometry may be used for 
checking whether the rigidity of the double helix changes with 
a in the range of the present titration experiment. 

We deemed such a check indispensable for our purpose men- 
tioned in the Introduction, and determined [v] of sample X12-2-3 
in aqueous NaCl with different C:s at 25 OC over the entire range 
of a'. The polymer mass concentration was calculated from cp 

a = a' + ([H+] - [OH-])/c, 

Viscometry. In our previous 

NaCl of indicated C, at 25 OC: (0) cp = 0.-0039 M; (0) 0.626 M; 
(0) 0.0013 M. 
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Figure 4. Titration data for xanthan sample X14-2-3 in aqueous 
NaCl of indicated C, at 25 O C :  (0) cp = 0.0024 M (0) 0.0016 M 
(0) 0.0008 M. 

and the experimentally determined DS,, (the degree of pyru- 
vation) of 0.34.28 

Results 
Figure 2 illustrates t h e  dependence of [ q ]  on a' for 

sample X12-2-3 in  aqueous NaCl of C,  = 0.01, 0.05, a n d  
0.1 M. It can be seen that [q]  is essentially independent 
of C, and almost constant throughout the entire range of 
a'. Thus ,  we may conclude that at least in t h e  range of 
C, studied, t h e  xanthan double helix maintains i ts  high 
rigid it^^'-^^ at a' = 1 down t o  a' = 0, i.e., t h e  lowest a in 
the present t i tration study. 

Figures 3 and 4 show pH - log [ a / ( l -  a)] plotted against 
a for samples X12-2-3 and X14-2-3 at different cp and C,. 
T h e  data for either sample at fixed C, are virtually inde- 
pendent  of cp and hence may be regarded as those at in- 
finite dilution. 

When  t h e  curves fi t t ing these data were extended 
smoothly t o  a = 0, smaller pKo values were obtained at 
higher C,. Such  C, dependence of pKo is consistent with 
t h e  findings of Olander and HoltzerZ9 and Mandel,30 who 
showed pKo of pOly(DL-glUtamiC acid) a n d  poly(acry1ic 
acid) to be a decreasing function of ionic strength.  

Comparison between Theory and Experiment 
Uniformly Charged Cylinder Model. Stigter7 ex- 

pressed his numerical solutions of t h e  complete Poisson- 
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However, this value is more than 3 times the radius (1.2 
f 0.2 nm) of the xanthan double helix in dilute solu- 
tion16-20,26 or in the crystalline state.32 Thus, it may be 
concluded that the Poisson-Boltzmann soIution for a 
uniformly charged cylinder fails to describe the titration 
data for rigid double-helical xanthan, unless an unrea- 
sonably large value is chosen for the helix radius. 

The observed discrepancies between the data and the 
dashed lines are too large to be accounted for by the 
presence of a hydration layer33 (near the polyelectrolyte) 
or by approximations involved in the Poisson-Boltzmann 
equation.34 I t  seems reasonable to attribute them to the 
approximation of smearing the actual discrete charges over 
the surface of the xanthan double helix. 

Discrete Charge Model. A. Theoretical Consider- 
ations. Among many approximate titration e q u a t i o n P  
derived for an infinitely long rigid polyacid with discrete 
point charges, the one with the seemingly widest appli- 
cability is15 

X 1 2 - 2 - 3  

a I x ' 4 - 2 - 3  / 

Figure 5. Comparison of titration data for xanthan with theo- 
retical values: Dashed lines, eq 3 with a = 1.2 nm and CT = 2.85 
nm-'; thick solid lines, eq 6 (to j = m )  with eq 8; thin solid lines, 
eq 6 (to j = 4 )  with eq 8. 

Boltzmann equation for a long cylinder with uniform 
surface charge (referred to as the uniformly charged cyl- 
inder model) as 

= ~~~~KO(KU)/DPKUK~(KU) (3) 

by introducing a factor P ( 1 1 )  into the expression3' derived 
from the linearized Poisson-Boltzmann equation. Here, 
$a is the electrostatic potential at the distance u from the 
cylinder axis that small ions can approach the cylinder 
most closely (i.e., u = the radius of small ions + the radius 
b of the cylinder), u is the linear charge density of the 
cylinder in the fully ionized state, K,(Ku) and K 1 ( ~ u )  are 
the zeroth- and first-order modified Bessel functions of the 
second kind [Ko(Ka) should not be confused with the in- 
trinsic dissociation constant KO], D is the dielectric con- 
stant of the solvent water, and K is the reciprocal of the 
Debye length defined for univalent electrolytes by 

K' = 8ae2NAC,/1000DkT (4) 
with NA being the Avogadro constant (C, is expressed in 
units of mol L-l). Values of ,6 are tabulated as a function 
of e$,/kT and KU in Stigter's paper. The desired potential 
$ (see eq 1) at the cylinder surface is related to $a by23,24831 

(5) 

but in the analysis below, it is assumed that u = b ,  as was 
done by previous investigator~.~~~J~,~~-~~ 

The dashed lines in Figure 5 represent the theoretical 
values of pKo + 0.434e$/kT [=pH - log ( c y / l -  a)]  calcu- 
lated from eq 3 for a ( = b )  = 1.2 nm19 and u = 2.85 nm-' 
with pKo chosen properly (1.83-1.99) for either sample at 
each C,; the u value for the helical xanthan dimer was 
calculated from the relation u = 2(1 + DSP,)/2h using 
DS = 0.34 and h (the axial translation per main-chain 
res%ue) = 0.47 nm.17J9926332 We see that each dashed line 
rises very steeply with increasing a and cannot fit the data 
points a t  the corresponding C, whatever value may be 
chosen for pKo. Note that inclusion of the second term 
on the right-hand side of eq 5 leads to larger discrepancies. 
Close fits were found, when b was taken to be 4 nm. 

$ = $a + 2uaeD-l In ( a / b )  

m 

ApK =   CY log U, (6) 
;=l 

with 
uj = exp(-woj/kT) (7)  

Here, woj is the electrostatic interaction energy for a pair 
of a given ionizable group or site (the subscript 0) and its 
jth neighbor site (the subscript j), both in the ionized state, 
and is usually assumed to be represented by the Debye- 
Huckel (DH) screened Coulomb potential, i.e., 

woj  = (e2/Droj) exp(-nroj) (8) 
with ro; being the distance between sites 0 and j. Equation 
6 is based on the assumption that at any CY the charges in 
the polymer are randomly distributed. 

A titration equation free from this assumption should, 
in principle, be derived by the linear Ising method, but 
since the method requires an intractably high order matrix 
to be evaluated, its actual application has so far been 
limited to cases of a few or at most four nearest-neighbor 
i n t e r a ~ t i o n s . ~ - " J ~ J ~ ~ ~ ~  Minakata et al.13a6 took another 
approach, in which they evaluated a few nearest-neighbor 
interactions rigorously by the Ising method and the other 
higher order interactions separately by an approximate 
method. Although such a separate calculation is not always 
well founded statistical mechanically, the idea of these 
authors is inviting since the effect of nonrandom distri- 
bution, which should be of short range, is taken into ac- 
count, along with long-range electrostatic interactions. 

On the basis of a similar idea and by use of some 
properties'l of the grand partition function in the Ising 
method, we obtained an approximate expression 
ApK = log [[(l - C Y ) / C Y ]  X 

m 

[l + xu1-1 h [(l + xu1-')2 - 1]1/2]u1-'] - 2CYClog UJ (9) 
j = 2  

which gives the same ApK values as those derived by the 
Ising method at  particular CY of 1/2 and 1 (see the Appen- 
dix). In eq 9, x is defined by 

* = A( a: + l--(y - 2 )  
2 1-CY cy 

and the sign f is taken to be + for CY > 0.5 and - for a < 
0.5. 

It can be shown that at a = 0, ' I2 ,  and 1 eq 6 and 9 are 
identical and that at other a their differences are no more 
than 0.02 in ApK unit for u1 > 0.5 (Le., rol > 0.8 nm at a 
C, of 0.01 M and 25 "C if expressed by using the DH 
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Figure 6. Locations of carboxylic acid groups on the surface of 
double-helical xanthan, estimated from the 51 antiparallel dou- 
ble-helix model of Okuyama et al.32 P, pyruvic acid group. 

potential with the bulk dielectric constant D). This in- 
dicates that if the closest distance between charges in the 
polyacid considered is greater than 0.8 nm and if C, I 0.01 
M, the assumption of random charge distribution intro- 
duces no significant error. In other words, under these 
conditions, eq 6 is essentially equivalent to a more rigorous 
eq 9, and both should be a very good approximation to the 
complete but yet-unknown Ising result. For the double 
helix of xanthan, the closest charge distance is 0.78 nm (see 
Figure 6), which is comparable to 0.8 nm. We therefore 
decided to compare eq 6 with our xanthan data (C, I 0.01 
M), regarding it as a typical theory for discretely charged 
rigid polyacids. 

B. Analysis. Figure 6 schematically shows the loca- 
tions of carboxylic acid groups in double-helical xanthan, 
estimated approximately from the 51 antiparallel double 
helix We have assumed that the central one of 
every three side chains in each strand of the dimer has a 
pyruvic acid group (denoted by P in the figure), Le., a DS, 
of lI3, close to the experimental value of 0.34. This as- 
sumption completely specifies the locations3' of all the 
carboxylic acid groups within either strand, but there are 
three different ways of assembling the two strands; note 
that one of them is shown in Figure 6. Taking these three 
ways into consideration, we find 24 possible sets of roj, 
depending on which of the eight ionizable groups in six-side 
chains (three per strand) is taken as the zeroth site.%. We 
approximated roj by the arithmetic mean39 of the 24 sets 
of roj to calculate up At  C, = 0.01 M, the sum over j in 
eq 6 converged at  j - 40, which corresponds to as large 
a contour distance as 14 nm. 

The calculated results are shown by thick solid lines in 
Figure 5 (pKo is again chosen properly for either sample 
at  each C,). These lines for the two higher C, fit closely 
the xanthan data a t  the corresponding C,, but those for 
the lower C, deviate markedly upward. Thus, we find that 
although eq 6 with eq 8 describes the titration behavior 
of xanthan better than does eq 3 for the uniformly charged 

. 5  

. o  

C '  I 1 I I 1 1  

0 0.1 0.2 a 0 .3  0.4 0.5 

Figure 7. Comparison between theory and experiment: circles, 
data of Muroga et al.24 for a-helical poly(g1utamic acid) at C, = 
0.01, 0.02, 0.05, 0.1, and 0.2 M from top to bottom (different 
symbols signify different c,,); dashed lines, theoretical valuesz4 
for a uniformly charged cylinder with a = b = 0.9 nm (equivalent 
to eq 3); thick solid lines, eq 6 (to j = m) with eq 8 thin solid lines, 
eq 6 (to j = 7) with eq 8. See the text as for the significance of 
the dot-dashed lines. 

cylinder model, it is incomplete, overestimating consid- 
erably the electrostatic potential a t  the lower C, of 0.01 
and 0.02 M. This overestimate is most likely due to the 
DH approximation eq 8, since as mentioned above, eq 6 
should be a very good approximation to the complete Ising 
result, at least for double-helical xanthan. 

The thin solid lines in Figure 5 represent the theoretical 
values calculated from eq 6, with the sum taken only to 
j = 4. Their close fits to the data points imply that the 
above-mentioned overestimate of the total potential 
amounts to -2aCj=510g up The values of pKo chosen to 
force these lines to fit the xanthan data at given C, differed 
slightly for the two samples probably owing to experi- 
mental error. The averages of pKo for the two samples 
were 2.81 (f0.03), 2.74 (f0.01), 2.61 ( f O . O l ) ,  and 2.53 
(fO.O1) at C, = 0.01, 0.02, 0.05, and 0.1 M, respectively. 
These pKo values may be compared favorably with the 
experimental estimates (2.8 and 2.6 at 0.01 and 0.2 M, 
respectively) by Holzwarth,4O who titrated xanthan in 
aqueous NaCl down to a = 0.2 using HC1. This close 
agreement in pKo suggests that eq 6 (to j = 4) with eq 8 
should describe well the titration behavior of the xanthan 
double helix down to very low a, though the truncation 
of the sum has no significance more than empirical data 
fitting. 

C. Analysis of PGA Data. Nagasawa and co-work- 
e r ~ ~ ~ ~ ~ , ~ ~  and Sugai and Nitta6 found that titration data for 
a-helical poly(D- or L-glutamic acid) (PGA) in aqueous 
NaCl were fitted fairly closely by theoretical curves for the 
uniformly charged cylinder model when b (=a) was chosen 
to be 1.4 nm, a radius roughly twice that (0.65 nm)24,35 
expected for the a-helix. This descrepancy in helix radius 
is similar to what was found for xanthan (about a factor 
of 3) in this work when theoretical curves for the cylinder 
model were forced to fit the data. Thus, i t  is intriguing 
to analyze the PGA data in terms of eq 6, as has been done 
for xanthan. 

In Figure 7, the thin and thick solid lines representing 
the theoretical values calculated to j = 7 and 00, respec- 
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tively, are compared with the PGA data of Muroga et al.% 
in aqueous NaCl of different C,’s. In these calculations, 
we have used the relation35 roj = [0.845[1 - cos (5j?r/9)] 
+ 0.0225j2]1/2 nm for a-helical PGA; note that the smallest 
roj is 0.75 nm for j = 4. The two dot-dashed lines shown 
in the figure bound the range of a in which the a-helical 
conformation of PGA is maintainedaZ4 In this range, the 
fits of the thin lines are satisfactory at any C, indicated, 
but those of the thick lines are limited to the two highest 
Cs’s. Thus, we find also for a-helical PGA that eq 6 with 
the DH approximation overestimates the total potential 
a t  C ,  5 0.05 M. 

The dashed lines in Figure 7 represent the theoretical 
values computed by Muroga et al. for a uniformly charged 
cylinder with a = b = 0.9 nm (the radius of Na ions 0.25 
nm + the helix radius 0.65 nm). Their poor agreement 
with the data indicates that at least in the range of C, 
examined, the uniformly smeared charge distribution is 
a crude approximation for the PGA helix, as is the case 
for the xanthan helix. 

Concluding Remarks 
We have found that a titration equation, eq 6, for a 

discrete-charge model, combined with the DH approxi- 
mation to pair interaction potentials, describes the data 
for double-helical xanthan and a-helical PGA at  C, 2 0.05 
M but significantly overestimates the total interaction 
potential at lower C,. To obtain agreement, the contri- 
butions from distant charges 1 5 in eq 6 (roj 2 2.5 nm) 
for xanthan and j 1 8 (roj 5 1.45 nm) for PGA] to the total 
potential had to be ignored completely. A literal expla- 
nation for this finding within the framework of the DH 
approximation is that a t  the lower C, the electrostatic 
repulsion between ionized groups in either helix is screened 
considerably by “counterion condensation”. 

Manning and Holtzer12 and also Manning,’* applying 
Manning’s ion condensation theory,4l derived approximate 
titration equations and showed that their theoretical curves 
of ApK vs. a have an inflection or a discontinuity a t  al, 
a critical a value above which ion condensation is predicted 
to occur. However, neither such inflection nor discontin- 
uity has ever been observed experimentally. For the 
helices of xanthan and PGA, even al cannot unambigu- 
ously be determined from the Manning theory, which is 
based on the infinite line charge model. The reason is as 
follows. 

Manning’s criterion41 for a1 is written 

al = DkTl/e2 (1la) 

a1 = DkT/e2a ( I lb)  
where 1 is the length per unit charge or the average charge 
spacing at a = 1. Equation l l a  predicts that if 1 > 0.72 
nm (in water a t  25 “C), a1 > 1 and hence no ion conden- 
sation occurs even in the fully neutralized state; note that 
the closest charge distances for the xanthan double helix 
(0.78 nm) and the PGA helix (0.75 nm) are greater than 
this critical 1 value. On the other hand, if eq l l b  is applied, 
cy1 is found to be 0.49 for the xanthan helix (a = 2.85 nm-’) 
and 0.21 for the PGA helix (a = 6.67 nm-’). These cy1 

values do not seem to be compatible with what is predicted 
by eq l la .  This stems from the fact that the ionizable 
groups in either helix are present not on a line along the 
helix axis but on the surface of the helix with finite 
thickness. The point is that a line charge model chain 
equivalent to either helix must have too small an 1 (=u-l), 
i.e., 0.35 nm for xanthan and 0.15 nm for PGA. Hence, 
this model is inapplicable to helical xanthan and PGA, and 

or 
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a1 estimated from eq l l b  cannot be considered acceptable 
for the discrete charge model with which we are concerned 
here. 

In conclusion, the theory of potentiometric titration for 
discretely charged rods is yet quite unsatisfactory and 
needs further elaboration toward the complete description 
of the titration behavior of intrinsically rigid polyelectro- 
lytes. 
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Appendix 
In this appendix, we derive eq 9 for a rigid polyacid with 

N (infinitely large) ionizable groups located at fixed points 
on the chain, first using a Bethe approximation and then 
successively raising the approximation at a particular a 
of 1/2. We specify the charge state of group or site i (i = 
1 ,2 ,  ..., N) by a variable ti, which can be either 1 (ionized) 
or 0 (unionized). Assuming that the total interaction en- 
ergy is the sum of pair electrostatic interaction potentials 
wij, we may write the grand partition function E for the 
polyacid as 

C C ~i, , jf if j l  (A-1) 1 N-2 N 

i = l  j= i+2  

where X is the absolute activity related to ApK by8,gJ5335 
log X = ApK + log (a/1 - a)  (A-2) 

As a first approximation (Bethe approximation), we 
replace CjwiJiS;. by a mean-field approximation value, i.e., 

c w. L J L ]  .{.t. = w.‘{. 1 1  (A-3) 
N 

j=i+2 

where 
N 

j= i+2  
w/ = c W i J P j  (-4-4) 

with P j  being the “a priori average probability” that group 
j is ionized. For infinitely large N ,  w/ may be considered 
independent of i, so that eq A-1 is simplified to give 

M v = ... (uX)Z,f,u,xbtfz+l (-4-5) 
b P  

where 
u1 = exp(-wi,i+i/kT) (-4-6) 

m 

u = exp(-wi’/kT) = exp(- C wiJPj/kT) (A-7) 
j=i+2 

In eq A-5, we have assumed that u1 is the same for any i; 
this ensures that identical u can be assigned to any i. 

The partition function given by eq A-5 has the same 
form as that in the first nearest-neighbor Ising model, and 
a (=a In Z / N  d In A) or {Pi) (the average probability that 
group i is ionized) is calculated by the established method 
to be42 
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a = (Pi) = 
U X [ U 1 2 U X  - u1 + 2 + u,[(u,uX - + 4uX1'/21 
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(u,uX - 1 ) 2  + 4ux + ( U l U X  + l ) [ ( U l U X  - 1)2 + 4uX]'/2 
(A-8) 

The mean-field approximation made above requires the 
self-consistency that pj  in the defining equation of u (A-7) 
is equal to ( P i )  (=a), Thus, eq A-8 with u = 
exp(aCjwij/kT) determines a, but what we need here is 
the solution for X as a function of a (see eq A-2). This 
reads 

X '= [ I  + Xu1-l f [ ( l  + XU~-')' - 1 ] 1 / 2 ] / ~ 1 ~  (A-9) 
where x is defined by eq 10 and the sign f is determined 
to be + for a > 0.5 and - for a < 0.5 by the condition that, 
for any polyacid, dpH/da > 0 and hence d X / d a  > 0 re- 
gardless of positive u1 and u (see also ref 10). 

Substituting eq A-9 into eq A-2 and noting that u = (u2u3 
...)a, we get 
ApK1 = log [[(l - CY)/(Y] X 

[ l  + xu1-1 f [ ( l  + xu1-')2 - 1]"2]u,-'] - aClog u; 
j = 2  

(A-10) 
where the subscript 1 attached to ApK signifies the first 
approximation. At the midpoint of titration, i.e., a = 1/2 

at  which x vanishes, eq A-10 reduces to 

APK1* E ApKl(a=1/2) = -log ~1 - (1/2)Cl0g U; (A-11) 
j = 2  

In our second approximation, ~ i , ~ + ~  and wi,i+2 are re- 
tained, with all other higher order interactions incorpo- 
rated into the mean-field potential. If the characteristic 
equation derived by Lifson et a1.l1 for the second near- 
est-neighbor case is used, ApK2*, Le., ApK at  a = 'I2 in 
the second approximation, is evaluated to be 

ApK2* = -log ~1 - log ~2 - (1/2)Cl0g ~j (A-12) 
;=3 

Evidently, our Nth approximation is to treat all pairs of 
potentials without mean-field approximation. At a = 'I2 
the chemical potential (=kT In A) of a given ionized group 
0 (relative to that in the nonionized state) equals the total 
interaction energy Cj=lwoj for the group,43 so that we have 

x-' = n u j  (at a = y2) (A-13) 
j=1 

which, on substitution into eq A-2 with a = yields 
ApKN* = -Clog U; (A-14) 

j = l  

Comparison of this with eq A-11 shows that the first 
approximation underestimates ApK by -aCj,zlog u; at a 
= l/* If Lifson et al.'s theorem'l that the curve of ApK 
vs. a derived from E is symmetrical about the midpoint 
of titration is used along with the fact that ApK vanishes 
at a = 0, ApK, is found to be smaller by -acj,210g uj than 
the "exact" ApK (=ApK,) in the fully ionized state too. 
Thus, addition of  log u; to the right-hand side of 
eq A-10 yields an expression (eq 9) that gives exactly the 
same ApK values as those from the complete Ising method 
at  a = and 1. 

Registry No. Xanthan gum, 11138-66-2. 
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